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of i n s t a b i l i t y  of c e r t a i n  per iodic  o rb i t s  i n  t h e  r e s t r i c t e d  and reduced three 

body problems. 

background mater ia l  must be assimilated.  

However, before  t h i s  problem can be formulated, considerable 

T h i s  r epor t  summarizes t h e  background 

1 mate r i a l  s tudied during t h i s  period of cont rac t  performance. 

T h i s  inves t iga t ion  i s  being performed by LMsC/HREC f o r  the  Aero-Astrodynamics 

I FOREWOHD 

Laboratory of the  George C. Marshall Space F l i g h t  Center. 

, 
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SUMMARY 

For t h i s  inves t iga t ion ,  t h e  book by Dr. Carl Ludwig Siege l ,  Vorlesungen 

cber Himmelsmechanik, is  t h e  bas ic  reference 

period, t h i s  reference work was emphasized and chapters  1 through 16 and 19 

were read. A b r i e f  summary of t h e  mater ia l  f rm these  chapters deemed m o s t  

important to the  cont rac tua l  object ive is presented. 

Consequently, during the  ini t ia l  
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A discovery of p a r t i c u l a r  s ign i f icance  t o  a s t ronau t i c s  i s  t h e  existence,  

within t h e  context of t h e  r e s t r i c t e d  and reduced th ree  body problems, of per iodic  

o r b i t s  enclosing t h e  Ear th  and Moon. 

t i o n  f o r  f u t u r e  space missions. However, before  these  o r b i t s  can be  exploited,  

t h e i r  dynamical c h a r a c t e r i s t i c s ,  i n  p a r t i c u l a r  t h e i r  s t ab i l i t y  p rope r t i e s ,  must 

be completely understood. 

These o r b i t s  have great p o t e n t i a l  applica- 

The purpose of t h i s  i nves t iga t ion  is t o  develop procedures f o r  eva lua t ing  t h e  

s t a b i l i t y  of approximately per iodic  motion f o r  a spec i f ied ,  f i n i t e  time. 

primary emphasis wil l  be upon t h e  area-preserving mapping near a f ixed  po in t  

developed by Birkhoff and extended by Moser and Arnold. I n  t h i s  context, t h e  

f ixed  po in t  is t h e  t r u e  per iodic  o r b i t  which closes exac t ly  upon i tself  after 

a time t = T = period. 

po in t  a t  t 

way, rigorous a n a l y t i c a l  r e s u l t s  concerning the  s tab i l i ty  of t h e  approximate 

pe r iod ic  motions can be obtained. 

The  

Using t h i s  method, a small neighborhood of t he  f i x e d  

0 is  mapped i n t o  t h e  corresponding neighborhood a t  t a T. I n  t h i s  
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TECHNICAL DISCUSSION 

For most problems i n  theo re t i ca l  c e l e s t i a l  mechanics, a Hamiltonian formula- 

t i o n  is standard s ince,  by su i t ab le  canonical transformations,  the  inva r i an t s  

of t h e  motion w i l l  emerge and, a l so ,  the form of t h e  d i f f e r e n t i a l  equations 

K i l l  be preserved. 

Consider t h e  column vector  z composed of n pos i t i on  and momentum components 

Xk and yk, respect ively.  Then t h e  Hamiltonian equations can be writ ten 

where J i s  a 2n x 2n matr ix  composed of two i d e n t i t y  matrices 

J =  'I 0 
Introducing new var iab les  (ky 'I, the necessary and s u f f i c i e n t  condition 

f o r  t h e  preserva t ion  of t h e  Hamiltonian form of t h e  equations is sought. 

i s  t h e  column vector  of the  (ky qk,  the s u b s t i t u t i o n  can be wri t ten 

If t 

The func t iona l  matrix of t h e  subs t i t u t ion  i s  writ ten 

and i t  is required t h a t  the  transformation of var iab les  is revers ib le .  

/MI 4' 0 (N-l then e x i s t s ) .  Now, the  appropriate condi t ion s a t i s f i e d  by a l l  t h e  

des i red  r eve r s ib l e  transformations is 

Thus 

M'J-/VI = AJ ( 5 )  

2 
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where h f 0 i s  a s c a l a r  constant.  

and, i n  general, t h e  s u b s t i t u t i o n  ( 3 )  i s  termed canonical. 

The matrix M i s  termed symplectic ( i f  h - 1) 
The so lu t ion  of t h e  Hamiltonian equations of motion can be  transformed t o  

t h e  s o l u t i o n  of t h e  Hamilton-Jacobi p a r t i a l  d i f f e r e n t i a l  equation. 

e legant  technique i s  based upon t h e  determination of a generating func t ion  

W 

This r a t h e r  

W(x, q ,  t )  such t h a t  t h e  old Hamiltonian system 

is  transformed t o  a new Hamiltonian system 

r'k = H,& 'I, = - E l I k  (7) 

This generating func t ion  i n  f a c t  cons t ruc ts  t h e  des i red  canonical transformation 

of v a r i a b l e s  by t h e  r e l a t ionsh ips  

with t h e  assumption, which must be confirmed, t h a t  

The simplest case f o r  t h e  transformed system (7)  would be H(4, '1, t) - 0 
f o r  then we would have 

3 
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t h e  so-called normal form which i s  immediately i n t e g r a b l e  w i t h  t h e  {k, ‘lk 

en te r ing  as 2n in t eg ra t ion  constants. The las t  equation in (8) then is 

H = H(x ,  y J t ) +  Wt = H(X, wsl t )  + We = 0 (11) 

t h e  Hamilton-Jacobi p a r t i a l  d i f f e r e n t i a l  equation f o r  t h e  generating func t ion  

w = w(x, 77, t ) .  

I n  order t o  demonstrate t h i s  technique, t h e  following simple example is 

presented. Consider 

H = L  
2 y, + x ,  Yt 

with 

x, = Ny, = y, t X I  

y, = -4h = - Y, 

which has t h e  so lu t ion  

-t  y ,  = Y l b  e 

c = X,& tY/. 
2 

Now t h e  canonical i n t e g r a t i o n  constants (1, 171 w i l l  be derived and r e l a t e d  t o  

t h e  i n i t i a l  conditions. The Hamilton-Jacobi equation is 

1 2 
t X I  Wx, f we = 0 

I 
5 WX, 

b 
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and, s ince  t h e  e x p l i c i t  t ime dependence is only i n  t h e  l a s t  term, we put 

WO#,  q, ,  4 = W O G ,  ’I, ) - rlt (15) 

Then 

f o r  t h e  generating function. Now, t h e  assumption W q q1 r’ 0 yields 

and 

F i n a l l y  

5 
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It  should be emphasized t h a t  t hese  r e s u l t s  have only a l o c a l  character on 

account of the  requirement t h a t  c e r t a i n  func t iona l  determinants do not  vanish. 

I n  general ,  only c e r t a i n  domains of t h e  va r i ab le s  are allowed. 

The Cauchy Existence Theorem is next appl ied  f o r  a p rec i se  statement of 

t h e  allowable domains of t h e  variables. 

is  analytic i n  each of t h e  2n var i ab le s  xky yk i n  a reg ion  Izck - 6kl  L 2 P , 
If t h e  Hamiltonian func t ion  H(x,y) 

I yk - q k l  < 2P(k - 1, . . , n )  f o r  t h e  i n i t i a l  conditions 

and satisfies t h e  estimate IH(x,y)l rC,m in t h a t  region, then t h e  so lu t ions  

x k ( t ) ,  n ( t )  of t h e  Hamiltonian system a r e  r egu la r  f o r  t he  time duration 

C P  

This r e s u l t  i s  derived by cons t ruc t ing  a majoriaing power series in such a way 

t h a t  t h e  general system of equations 

is majorized (dominated) by 

6 
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and, furthermore, such t h a t  t h e  majorant can be in t eg ra t ed  d i r e c t l y .  

r e s u l t s  a re  then extended t o  the  Hamiltonian system of equations. 

These 

I n  t h e  next chapters,  it i s  shown tha t ,  f o r  t h e  th ree  body problem, a t r i p l e  

c o l l i s i o n  can only occur i f  a l l  t h r e e  components of the  angular  momentum of t h e  

system are  zero. 

l i s i o n  occurs a t  a s p e c i f i c  point  i n  space qk ( t  - t i ) ,  k 

e i t h e r  Xk, yk, zk) while a t  l eas t  one {k i s  unbounded as t 4 tl. 

shown, by ca lcu la t ion  o f  a suitable canonical transformation, t h a t  t h e  equations 

of motion can be regular ized f o r  binary co l l i s ions .  

can be a n a l y t i c a l l y  continued over t h e  s i n g u l a r i t y  a t  t - tl. 
statement of t h e  problem, t h e  two physical  bodies c o l l i d e  a t  t a tl and rebound 

elast ical ly  from each other .  

Further,  f o r  a two body co l l i s ion ,  it is shown t h a t  t he  col- 

1, 2, 3, (qk denotes 

Then i t  is  

I n  t h i s  way, t h e  so lu t ion  

I n  t h e  mathematical 

Chapters 9 and 10 present  t h e  two Sundman lemmas. The first lemma states 

of the system are not  a l l  t h a t  i f  t h e  th ree  components of the  angular momentum 

zero, then  the  sum of t h e  mutual dis tances  between t h e  t h r e e  bodies  is higher  

than a p o s i t i v e  constant f o r  a l l  time. 

assumptions are observed, t h a t  t h e  ve loc i ty  of the p a r t i c l e  l y i n g  fa r thes t  

from t h e  other  two bodies will remain bounded f o r  a l l  time by a p o s i t i v e  constant .  

Then, wi th  these  two lemmas, Sundman’s theorem is  presented. This theorem states: 

The second lemma states, if the  same 

If t h e  th ree  angular  momentum components r e fe r r ed  t o  t h e  center of mass 

are not  a l l  zero, then the  Cartesian coordinates of t h e  t h r e e  bodies and t h e  

time t can be expanded i n  power s e r i e s  i n  o , which converge f o r  I 0 141, and 

which r ep resen t  the  motion f o r  a l l  time. Here 

7 
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and 

v 0 p o t e n t i a l  energy = V ( m ,  q )  

& -  b ( A ,  m)  is a p o s i t i v e  number based upon t h e  masses 

and t h e  i n i t i a l  conditions. 

Next, i n  Chapter 111, an important existence theorem f o r  per iodic  s o l u t i o n s  

of Hamiltonian systems is  presented. 

r egu la r  i n  t h e  neighborhood of t h e  equilibrium s o l u t i o n  a t  z 

expanded i n  a power series beginning with quadra t ic  terms 

We consider t h e  system (1) with H(z) 

0. H(z) is next  

where S is  a symmetrical matrix of dimension (2n x 2n). 

This series i s  t o  converge i n  some neighborhood of z 0, and t h e  2n 

The eigenvalues +Al, +h2 ,  ..., + A n  of JS are t o  be mutually d i s t i n c t .  

ex is tence  theorem now s t a t e s  : 

L e t  be pu re ly  imaginary and none of t h e  n-1 quot ien ts  +pp -+ 
be equal t o  an i n t ege r .  

depend a n a l y t i c a l l y  upon a r e a l  parameter P and, f o r  p = 0, transform t o  t h e  

equi l ibr ium so lu t ion .  

Then the re  is  a family of rea l  per iodic  so lu t ions  which 

Moreover, t h e  period 7( P ) is  ana ly t i c  i n  P with 

To i l lus t ra te  t h i s  theorem, t h e  example 

H = + P (x,' + y ,=)  - P (X.'t vz', f 4 (x;xz ' X Z  y , ' - 2 x , Y t Y )  

(27) 
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T h i s  system possesses the  equilibrium so lu t ion  XI = x2 

obvious period 

yl y2 0 with the 

P= 0 From inspect ion 

0 - 2 p  0 0  s =  
0 0 P o  

0 0 - 2 P  L o  - 

and t h e  eigenvalues of the l i n e a r  system a r e  
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Now Al is  purely imaginary and t h e  quotient 

is  not an in teger .  

and we a r e  ab le  t o  conclude the  existence of pe r iod ic  so lu t ions  of t he  system 

(28) from t h e  obvious pe r iod ic  so lu t ions  of t h e  l i n e a r i z e d  system (32). 

Thus, t h e  conditions of t h e  ex is tence  theorem are s a t i s f i e d  

These per iodic  so lu t ions  of (28) have the  approximate period 

I n  Chapter 19 Siege1 p resen t s  t h e  cont inui ty  method of Poincarg. Com- 

mencing with a set  of autonomous first order  d i f f e r e n t i a l  equations, w i t h  some 

parametric dependence, and w i t h  s u f f i c i e n t  conditions t o  ensure a s o l u t i o n  i n  

some domain (Figure 1) a method of a n a l y t i c a l l y  continuing t h e  s o l u t i o n  i n  the  

independent va r i ab le  is  given. 

f o r  some set  of i n i t i a l  conditions and  parameters, t h e  so lu t ion  i s  extended t o  

o ther  va lues  of t h e  parameter upon appl ica t ion  of t he  i m p l i c i t  func t ion  theorem. 

Supposing t h a t  a pe r iod ic  so lu t ion  i s  known 

Now, consider a se t  of m first order autonomous d i f f e r e n t i a l  equations 

where x i s a v e c t o r  of t h e  m dependent var iab les  and 

of t h e  fk (x ,  c y )  i n  lxl  - tJ*l ~ r ,  k -  1, ..., m and U E G  is  s u f f i c i e n t  t o  

ensure a s o l u t i o n  of (33),  which can be writ ten formally as 

a is  a parameter. Regularity 

10 
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where 6 is a vector of t h e  i n i t i a l  conditions. 

Now it is  assumed f o r  4 - 6’ and Cy - a” t h a t  t h e  so lu t ion  i s  a n a l y t i c a l l y  

continuable t o  some time po in t  t = tly and, because of t h e  r e g u l a r i t y  of t h e  

func t ions  involved, x = x ( t ,  5 , (Y ) is  continuable t o  t = tl f o r  values of 4 , a 
s u f f i c i e n t l y  c lose  t o  6* and Q*  respectively.  

TO ensure t h e  ex i s t ence  of so lu t ions  of Gk = f k ( x y  CY)  f o r  v a r i a t i o n s  in 

t h e  i n i t i a l  conditions suppose t h a t  t h e  fk(xy a)  a r e  r egu la r  f o r  \ 5 , +  -x+ 
* 

,if = 1, ..., m (see  Figure 1). Now f o r  

r egu la r  i n  sL - xA I 4 r /2  since t h i s  region is completely contained i n  

- 5, I c r/2 t h e  fk(x , (Y)  are 

I 1 4,” - xLI < r. The parameter (Y must a l s o  be r e s t r i c t e d  t o  some neighborhood 

of a * ,  Cy € G  say, t o  ensure r e g u l a r i t y  of t h e  fk(x,Cy ) when Cy is varied.  

r e s t r i c t i o n s  on t h e  ex ten t  of t h e  choice of t h e  i n i t i a l  conditions within t h e  

domain i n  which t h e  f ( x , Q )  a r e  regular  ensures t h e  ex is tence  of a so lu t ion  

f o r  each 6 . 
t o  tl then t h e  r e g u l a r i t y  conditions insure t h a t  x 

t o  5 f o r  4 s u f f i c i e n t l y  c lose  t o  t*, a 6 G. 

These 

k 

Further,  if t h e  so lu t ion  x a x ( t  , 4*, a ” )  is continuable from to 

x ( t , (  , a) is  continuable 

Figure 1 - Domain of Regularity of the 
fk(xy a 

11 
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Before proceeding fu r the r  consider t h e  s p e c i f i c  case of t h e  r e s t r i c t e d  t h r e e  

body problem, i n  Hamiltonian form t h e  equations of motion are:  

These a r e  of t h e  form 

The fk'S (k - 1, ..., 4) are  autonomous and regular  except f o r  x2 

e i t h e r  xl - - 1 o r  x1 a 1 - CI s o  t h a t  i n  general  a so lu t ion  e x i s t s .  

p a r t i c u l a r ,  f o r  P - 0, a per iodic  solut ion exists and it i s  t h i s  so lu t ion  t h a t  

w e  w i s h  t o  continue f o r  fl t' 0. 

fk(x,& ) where c1 corresponds t o  Cy , a parameter. 

0, and 

I n  

* 
For the  more general case, suppose t h a t  f o r  5 a (*, Q 

equi l ibr ium but  per iodic  so lu t ion  ex i s t s ,  denoted formally by 

a non- 

which is  contained e n t i r e l y  within some domain of r egu la r i ty  of the  funct ions 

involved. This so lu t ion  holds f o r  a l l  r e a l  t, s ince  

where T* i s  not necessar i ly  t h e  smallest  pos i t i ve  period of t h e  motion. 

Siege1 then demonstrates t h a t  continuation of t h i s  so lu t ion  f o r  fl  f 0 

holding t h e  per iod T* constant is not possible .  To see t h i s ,  set 

1 2  
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As a cy 
We have then  m equations i n  t h e  m + 1 unknowns el, . . . y  

t consequence of t he  imp l i c i t  func t ion  theorem and t h e  f a c t  t h a t  x a x ( t ,  4 * y  
# 

is a per iodic  so lu t ion ,  t h e  m equations 

Vk ( ( , a )  = o  

can be solved f o r  t h e  ( as functions of Cy provided 

(39) 

But t h i s  determinant is  necessa r i ly  zero s ince  e s s e n t i a l l y  f i x i n g  t h e  per iod  

and allowing t h e  i n i t i a l  conditions t o  vary j u s t  s e l e c t s  a d i f f e r e n t  s t a r t i n g  

po in t  on t h e  same per iodic  so lu t ion ,  t h a t  is, t h e  s e l e c t i o n  of t h e  4 is l i m i t e d  

t o  p o i n t s  on t h e  same t r a j e c t o r y .  

There are two means of overcoming t h i s  problem. The f i rs t  method is t o  

allow t h e  period 7 t o  vary and f i x i n g  some o ther  quant i ty ,  such as a coordinate. 

It is  no r e s t r i c t i o n  t o  suppose t h a t  4 

condi t ion  < = Sm. 
may be f ixed  thus  giv ing t h e  extra 

# 

13 
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By choosing (m ' 
( m  w e  a r e  r e s t r i c t i n g  the  v a r i a t i o n  of t h e  i n i t i a l  

* conditions (1, ..., t,,l t o  t h e  m-1 dimensional plane x 5 ,  . On 

requi r ing  f u r t h e r  t h a t  t he  so lu t ion  cy = cy++, 

plane, b u t  t ru ly  i n t e r s e c t s  it, w e  ensure t h a t  t he  s o l u t i o n  o f f k ( T , (  , Q )  

does not  give t h e  same o r b i t  as t h e  known one with - ,f*, a = a*. The 

s i t u a t i o n  is  depicted i n  Figure 2. 

m 

( a ( *  is no t  t a n g e n t i a l  t o  t h i s  
i c 0 

Figure 2 
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However i n  t h e  case of t h e  r e s t r i c t e d  three body problem t h e  Jacobi i n t e g r a l  

- x:) - F a 

(41) 

causes t h e  value of t h e  associated func t iona l  determinant t o  be zero. I n  the  

second method, a s u f f i c i e n t  requirement f o r  t h e  existence of per iod ic  o r b i t s  

near P - 0 with period 7 7 i s  j u s t  t h e  existence of t h e  Jacobi i n t e g r a l .  

T h i s  method is used by Siege1 t o  demonstrate t h e  ex is tence  of cer ta in  per iodic  

so lu t ions  f o r  t h e  r e s t r i c t e d  three body problem. 

* 
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m u m  WORK 

During t h e  next phase, emphasis w i l l  be concentrated upon: 

Chapter 1 9  Poincare Continuity Method 

Chapter 20 Fixed Point Method 

Chapter 2 1  

Chapter 22 

Chapter 26 Lyapunov Theorem 

Chapter 27 Dir ich le t  Theorem 

Chapter 28 

Chapter 29 

Content - Preserving Analytic Transformations 

Birkhoff Fixed Point Theorem 

Normal Form of Hamiltonian Systems 

Content - Preserving Mappings 

These chapters a r e  d i r e c t l y  r e l a t ed  t o  t h e  cont rac tua l  scope of work. 

theorems and concepts presented here w i l l  be applied i n  developing t h e  techniques 

f o r  analyzing s t a b i l i t y  of per iodic  motions. 

The 

16 



. 

1. 

2. 

LMSC/HREC A782770 

RIWEmNmS 

S i e  gel, C.  L., corlesungen t b e r  Himmelsmechanikt Springer-verlag, Berlin, 1956 

Pars, L. A . ,  A Treatise on Analytical Dynamics 

New York, 1965 

John Wiley and Sons, Inc 

17 


